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ARTICLE INFO ABSTRACT

Keywords: Quantifying interaction strengths between state variables in dynamical systems is essential for understanding
Empirical dynamic modeling ecological networks. Within the empirical dynamic modeling approach, multivariate S-map infers the interaction
Jacobian ) . Jacobian from multivariate time series data without assuming specific dynamical models. This approach enables
Nonlinear time series analysis . 1 . - . .

Fcosystem the non-parametric statistical inference of interspecific interactions through state space reconstruction. However,

deviations in the biological interpretation and numerical implementation of the interaction Jacobian from its
unique mathematical definition pose challenges. We mathematically reintroduce the interaction Jacobian by
starting our derivation with differential quotients, uncovering two key problems: (1) the mismatch between the
interaction Jacobian and its biological meaning complicates comparisons between interspecific and intraspecific
interaction strengths; (2) the interaction Jacobian is not fully implemented in the parametric Jacobian numer-
ically derived from given parametric models, especially ordinary differential equation models. As a result, model-
based evaluations of S-map methods become inappropriate. To address these problems, (1) we propose adjusting
the diagonal elements of the interaction Jacobian by subtracting 1 to resolve the comparability problem between
interspecific and intraspecific interaction strengths. Simulations of population dynamics showed that this
adjustment prevents overestimation of intraspecific interaction strengths, allowing for meaningful comparisons.
(2) We introduce an alternative parametric Jacobian and then cumulative interaction strength (CIS), providing a
more rigorous benchmark for evaluating S-map methods. Furthermore, we demonstrated that the numerical gap
between CIS and the existing parametric Jacobian is substantial in realistic scenarios, suggesting CIS as a
preferred benchmark for future evaluations. These solutions offer a clearer framework for developing non-
parametric approaches in ecological time series analysis.

and causality inference [8-13] (see also [14] for a comprehensive re-
view). These methods aim to reconstruct an interaction network of state

1. Introduction

Non-parametric approaches for understanding complex dynamical
systems have been developed in the last three decades as nonlinear time
series analysis for chaos detection [1,2], short-term forecasting [3-7],
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variables from empirical time series, without assuming any underlying
dynamical equations. In contrast, parametric approaches (in sensu [15])
assume specific dynamical models and fit them to time series data. These
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approaches typically use either the continuous-time framework with
ordinary differential equations (ODEs) or the discrete-time framework
with difference equations (DEs). When applied to population and com-
munity ecology, intra- and inter-specific interactions in non-parametric
approaches are defined by the net effects on population growth. These
effects include both direct and indirect influences, which are consistent
with the contemporary definition of interaction in these fields [16].

Empirical dynamic modeling (EDM), a suite of tools for nonlinear
time series analyses developed in recent decades, enables the study of
dynamical systems without assuming governing equations. Based on
Takens’ Theorem [17] and its extension [18], EDM reconstructs the
system’s manifold from time series data, allowing the inference of sys-
tem dynamics through state space reconstruction. Within this research
program, multivariate S-map and its derived methods infer the in-
teractions among time series variables using a sequential locally
weighted global linear map (S-map) [4,19] see also references in Table 1
for other variations). These algorithms have been developed into a
standard non-parametric method to quantify state-dependent interac-
tion strengths by empirically inferring state-dependent ‘interaction Ja-
cobian’ matrix. As one of the core components in EDM [12], the
interaction Jacobian is informative for quantifying the sign and
magnitude of interspecific interactions and characterizing interaction
network structures [20-23]. This is also useful for understanding the
system properties, such as dynamical stability, which is the ability of a
system to resist divergence against perturbation on system state variable
[20,24,25].

The interaction Jacobian (in sensu [28]) is defined as the Jacobian of
the flow [19,30]. However, some inconsistency and ambiguity regarding
interaction Jacobian hinder further development and application of
S-map methods for ecological dynamics. There is a gap between the
mathematical definition of the interaction Jacobian and its biological
interpretation. On the one hand, the interaction Jacobian in a dynamical
system with n dimensional state vector x is explicitly and uniquely
defined as the matrix of partial derivatives of the n-dimensional
vector-valued function that maps from x(t) to x(t + 7), where x(t) and
x(t+7) represent the system state at time t and t+ 7, respectively [19,
30]. In other words, the interaction Jacobian describes how the pulse
disturbance at time t affects the system state at time t + 7. Then, the
interaction strengths in the non-parametric approaches are operation-
ally defined as the elements of the interaction Jacobian. On the other

Table 1
Summary of non-parametric methods to infer interaction Jacobian.
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hand, the intuitive interpretation of interaction Jacobian for linking it to
interaction strengths has been described in ambiguous and inconsistent
ways, such as net local effect of each of state variables on the target
variable [19], the population-level interaction between two species [20], the
change in growth of a species as a result of a change in abundance of another
species [27], or the net effects of abundance changes in nodes j (between two
consecutive observations) on the abundance of species i [28].

The ambiguity and inconsistency stem from the fact that most pre-
vious research has been published in journals intended primarily for
biologists, where highly mathematical statements are often avoided. As
aresult, two key problems arise: one biological, the other mathematical.
As the first, biological problem, it is unclear whether the interaction
Jacobian fits well with the biological concept of interaction strengths
because of the operationality in defining interaction strengths despite
varying interpretations [19,20,27,28]. We will later demonstrate that
the diagonal element of the interaction Jacobian does not fit well with
the biological concept of intraspecific interaction strength.

The second, mathematical problem is whether the uniquely defined
interaction Jacobian is mathematically equivalent to the Jacobian co-
efficients derived from the mathematical formulation in parametric
population dynamics models. This equivalence is critical, as the latter
serves as a benchmark for method development. Hereafter, we will use
the term parametric Jacobian when referring to the Jacobian matrix
numerically calculated from parametric models, addressing the role of
parametric models in developing and validating new methods. The
conventional strategy to evaluate S-map methods is to first generate
time series data from a parametric population dynamics model and
apply the S-map method to infer the interaction Jacobian [19,28]. The
second step is to calculate the parametric Jacobian from the original
data-generating model as a benchmark and compare it with the inferred
interaction Jacobian. When using data simulated from a discrete-time
model framework (DEs), it is easily confirmed that the parametric Ja-
cobian evaluated at a focal time step is mathematically equivalent to the
interaction Jacobian, because it fully captures how the system changes
at the next time step. However, in a continuous-time model framework
(ODEs), the parametric Jacobian evaluated at a focal time t does not
account for the continuous changes in state variables between t and t +
7, and thus cannot capture their cumulative effects on the state variables
at t+ 7. We will later demonstrate that this results in a discrepancy
between the parametric Jacobian and the interaction Jacobian, implying

Method name and reference Regression formula for the
time series Y to obtain

state-dependent linear

Correspondence between
state-dependent linear
coefficients and their

Parametric dynamical model
used for benchmarking the
proposed state-dependent

coefficients mathematical notation linear regression method
Multivariate s.mapa) Nik+1) = Co+ Zvciij (k) va_)0)(,- (k+1) ODE with noises [19], DE without noises [20]
[19] ) T 0x (k)
Sparse S-map In[N;(k +1)] In[N;(k + 1)] — In[N; (k)] = Co + ZCU‘NJ‘(k) G 0 1 xi(k+1) ODE with noises
j o In——
[26] ox; (k) x; (k)
Regularized S-map Nik +1) =Co+ Z~CUN] (k) C _>0x,' (k+1) SDE (= ODE + Weiner process)
[271 ! T 0x (k)
MDR S-map Ni(k + 1) =Co+ > .CyN;(k) ¢ ik +1) DE with noises
[28] ! P ox(k)
LMDr © Nik +1) = Co+ 3 (k) ¢, itk +1) ODE and DE with noises
[29] ! I 0 (k)
. . . d . . .
Adju.sted interaction strength? Nk +1) = Co+ Zj {C«lz;i] + {$i]':|1\’j<k) w_)dx,-(k +1) 5 ODE and DE without noises
This study y ox; (k)

Note: a) We denote the multivariate S-map as the standard S-map in Section 5 for simplicity. b) The sparse S-map first assumes a specific form of ODEs as ditl = fi(%)x;

- . . 7
and is intended to estimate the effect of x; on the per-capita growth rate of x; by o
J

d 0 1dqg dfi . . . .
Elnxl = d_xj o d_xj ¢) Strictly speaking, LMDr is not merely a variant of the

multivariate S-map method but introduces a new state-dependent regression method based on the local manifold distance (LMD). d) The adjusted interaction strength
can rely on any of the existing state-dependent linear regression methods, except for the sparse S-map. Also note that the state-dependent linear regression refers to S-
map or LMDr and the state-dependent linear coefficients refer to S-map coefficients or coefficients of LMDr model.
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that the simple parametric Jacobian might not effectively serve as a
benchmark for the interaction Jacobian.

To resolve the ambiguity and inconsistency, we mathematically
reintroduce the interaction Jacobian as the matrix of partial derivatives
of the n-dimensional vector-valued function that maps from x(t) to x(t +
7), without relying on the conventional partial derivative notation
%. Instead, we start our derivation with differential quotients to
provide greater transparency in both the mathematical formulation and
its biological interpretation. Disclosing implicit aspects in EDM [31] will
enhance our understanding of the interaction Jacobian. With this exer-
cise, we are able to determine whether the interaction Jacobians are
consistent with biological intuition on interaction strengths and correct
any aspects that are not. This will be achieved through deriving the
interaction Jacobian when there are no net dynamical changes in the
system from time t to t + z. With this reintroduction, we aim to explicitly
reframe the S-map-based methods for quantifying interaction strengths
and then propose an adjusted metric of interaction strengths based on
the interaction Jacobians and S-map coefficients.

The reintroduced definition of the interaction Jacobian also enables
us to derive the relationship between the interaction Jacobian and the
parametric Jacobian from an ODE model. With this derivation, we aim
to highlight the limitations of using the parametric Jacobian as a
benchmark for evaluating the performance of S-map-based methods in
any dataset obtained from ODE systems. More specifically, we will
demonstrate that the commonly used parametric Jacobian, evaluated at
a single time point, is only an approximation, as it neglects the conti-
nuity of system state changes, and will also show when the approxi-
mation becomes ineffective. Finally, we propose mathematical and
numerical methods to calculate an alternative parametric Jacobian that
includes cumulative effects of continuous changes of system variables.
This would serve as a more suitable benchmark when assessing S-map
algorithms by simulated data from an ODE system.

We introduce the mathematical framework in Section 2. In Section 3,
we reintroduce the interaction Jacobian starting from previously skip-
ped mathematical formulation, using differential quotients, and identify

Table 2
List of notations, symbols, and quantities.
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the two problems argued above. In Section 4, we propose the solutions
for these problems while presenting two applications in Section 5. We do
not intend to evaluate the relative performance of different S-map al-
gorithms by using the proposed new methodology. Rather, with a couple
of examples, we demonstrate the further space for improving the S-map
algorithms in Section 5. In Section 6, we discuss our findings and their
implications for ecological application, method development, and
mathematicians, including cautions about when to use the original
interaction Jacobian and when to use the adjusted metric for interaction
strengths. Mathematical notations, symbols, and quantities used in the
following sections are summarized in Table 2.

2. Mathematical framework for time series analysis and
parametric models

2.1. Definition of the observations and basic assumptions

Consider a situation where we have discrete-time observations, i.e.,
the time series data, for a n-dimensional system with the interval z:

Y = (N(1),...,N(k), ..., ), N(k) € R", )]

where k denotes the k-th data point at time t = kr in the continuous-time
framework. In general, the n state variables can include both biological
and abiotic components, but here we simply refer the time series data to
multi-species population dynamics data. Here, the index k does not
imply the k-th generations in the context of population dynamics.
Similarly, the time interval 7 can be operationally chosen and is not
necessarily comparable to the generation time of a population.

Here, it is reasonable to assume that we do not know how the time
series Y was generated but that it was generated at least partly by
deterministic driving forces. In other words, we can reasonably assume
that Y was generated by either difference equations (DEs) or ordinary
differential equations (ODEs) with or without noises. However, it is
fundamentally impossible to determine whether DEs or ODEs were the
driving forces, and their exact mathematical formulations remain un-
known. In this situation, to infer the underlying dynamics of the time

DE: Difference equations for a discrete-time population dynamics model

ODE: Ordinary differential equations for a continuous-time population dynamics model
Y: The discrete-time observations

t: Time in a continuous-time framework.

7: The interval (> 0) between two datapoints of Y, which also represents the actual time interval between two steps for the DE framework.
k: The k-th data point (k= 1, 2, ...) when used for discrete-time observations Y, which is also used for the k-th time step of the DE framework (k =0, 1, 2, ...), and for ODE framework

ast=kr (k=0,1, 2, ..).
N(k): The n-dimensional observation vector at the k-th data point, k =1, 2, ....

x(k): The n-dimensional state vector for the DE framework at k-th time temp, k =0, 1, 2, ...

x(t): The n-dimensional state vector for the ODE framework at time t > 0.

F: The n-dimensional vector valued function that characterizes a dynamical equation in the DE framework.
f: The n-dimensional vector valued function that characterizes a dynamical equation in the ODE framework.
¢(x,k): The flow (mapping ¢ : R" x Z—R") in a discrete dynamical system, which satisfies ¢(xo,0) = xo and ¢(¢(x0,k),l) = p(xo,k + ).

¢;(x,t): The i-th element of the flow,i =1, 2, ..., n.

@(x,t): The flow (mapping ¢ : R" x R—R") in a continuous dynamical system, which satisfies ¢(xo,0) = xo and ¢(¢(xo,t),s) = @(xo,t + ).

@;(x,t): The i-th element of the flow,i =1, 2, ..., n.

Ax;: The n-dimensional small perturbation on the j-th element, defined more specifically as Ax; = (O, 0,---0,Ax,0..., 0) .

j-1 n—j

&;: Kronecker delta, defined as 1 if i = j, and 0 if i # j. Using this, the i-th element of Ax;, is given by [ij]i = g;jAx.

I, € R™™: The identity matrix, where the (i, j)-th element is &;.

J: The interaction Jacobian, mathematically defined as the Jacobian of the flow in both the DE and ODE frameworks. This is the quantity that the multivariate S-map methods and other
non-parametric methods aim to infer from an observed time series as well as a simulated time series.

$%9': The matrix of the adjusted interaction strength, mathematically defined in both the DE and ODE frameworks, with the relationship that J = §* + I,.

Parametric Jacobian: The interaction Jacobian numerically derived from a specific parametric population dynamics model, which serves as either an approximation of or an exact

equivalent to the interaction Jacobian, depending on the definition.

Parametric interaction strength: The adjusted interaction strength, defined as the parametric Jacobian minus &;.

shadi; Instantaneous interaction strength (IIS), referring to the parametric interaction strength for the ODE framework, derived from the parametric Jacobian serving as an

approximation of the interaction Jacobian, with the relationship that J ~ §"9 4 I,,.

§¢4di: Cumulative interaction strength (CIS), referring to the parametric interaction strength for the ODE framework, derived from the parametric Jacobian exactly equivalent to the

interaction Jacobian, with the relationship that J = $¢99 4 I,
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series data, we must rely on methods capable of providing algorithms
and metrics that are compatible with both DE and ODE frameworks. In
this study, we refer to such methods as non-parametric methods.

2.2. Parametric population dynamics model with discrete-time framework

In the case of a DE system, we derive an n-dimensional DEs based on
the first principle in population biology, which states that all changes in
population size can be categorized into four types of biological pro-
cesses: increases due to birth and immigration, and decreases due to
death and emigration [32]. For simplicity, we neglect spatial processes
(immigration and emigration), resulting in the following equation:

x(k+1) —x(k) = B(x(k)) — D(x(k)),x(0) = xq.
N—— =
birth death
This can be simplified as:
x(k+1) = x(k) + F(x(k)),x(0) = xo. @
More specifically, it can be written as:

xi(k+1) = x;(k) + Fi(x1 (k), x2(k), ..., Xa(k)), X%;(0) = X390, i =1,2,...,n,
2
where F; represents the i-th element of the vector-valued function F.

Note that x(0) and x, represent the initial condition in the frame-
work of the DE parametric model but do not imply the first data point of
the empirical time series, which would be N(1) following our notation in
Eq. (1).

This formulation differs from a phenomenological modeling
approach using a recursion map, which is more commonly used in the
fields of entomology and fisheries management to describe a recruit-
ment curve (x(k) vs x(k + 1)). However, we employ the formulation in
Eq. (2) to ensure the consistency with the formulation from an ODE
system (see Eq.(4)). Consequently, the function F represents the popu-
lation growth rate. Also note that the actual time interval between the
sequential time steps (k, and k + 1) is 7. Although it may be common in
theoretical studies to set the time interval equal to the generation time, it
is more appropriate to assume no direct linkage between the two for
better correspondence between the empirical time series data given by
Eq.(1) and a parametric population dynamics model. It follows that the
function F reflects both direct and indirect interactions between vari-
ables occurring in the period 7. Based on this notation, we do not address
the differences between direct and indirect interactions in the following
sections since the indirect interactions’ impact is inevitably included in
both DE and ODE systems.

The system state at time step k, x(k), starting from the initial con-
dition x, at k = 0 and being governed by Eq. (2) or (2)) is expressed as
¢(x0,k), using the notation of flow (¢ : R" x Z—R"). From Egs. (2) and
(21, we trivially obtain the following relationships, respectively:

(X0, k+1) = ¢(x0,k) + F(p(x0,k)), 3)
and
¢i(x0,k+1) = ¢;(x0,k) + Fi(p(x0,k)), i=1,2,...,n. (3

This can be rewritten as follows:
(/)i(¢(x0= k)‘ 1) = ¢i(x0» k) + Fi(¢(x0= k))v i= 17 27 ) (3//)
where ¢); represents the i-th element of the system state (= x;).

2.3. Parametric population dynamics model with continuous-time
framework

In the case of an ODE system, we derive an n-dimensional ODEs
starting from the first principle formulation [32] considering birth and
death processes (but neglecting spatial processes for simplicity):
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& _ Bx(1) — Dx(t), x(0) = xo.x € B,
dt ———  —\—

birth death

where x(t), B and D represent the n-dimensional system state, the
function specifying the state-dependent birth rate and that for death
rate, respectively. This can be simplified using a general notation f for
the demographic processes as:

dx(t) _
Tdt

When explicitly writing for each element of the n-dimensional vector
x(t), we have:

it _ f e (0), x2(0), .

dt

F(x(1),x(0) = xo. “

, Xn (), X%:(0) = X190, i =1,2,...,0. )

where f; represents the i-th element of the vector-valued function f.
Here, as the same as the DE model, the system state at time t, x(t),
starting from the initial condition x at t = 0 and being governed by Eq.
(4) or (4) is also expressed as ¢(xyo,t), using the notation of flow (¢ : R™ x
R—R™M). Then, we have the following relationship from Eq. (4):

(k+1)z

| floosds ®)

kz

@(x0, (k+1)7) = (0, k) +

More specifically, it can be written as:

(k+1)z

0o, (64 1)) = pake) + [ floxo9)ds, i=1.20n (5)
kt

where ¢; represents the i-th element of the system state (= x;).
Here, to have better compatibility with the DE framework given in
Eq. (3", Eq.(5) can be further rewritten as:

(0. k0).0) = (o k) + [ il ko). ))ds, -
0

i=1,2,...,n.
3. Reintroducing interaction Jacobian and identifying problems
3.1. Mathematical reintroduction of interaction Jacobian

To ensure clarity in our study, we start this section by defining the
interaction Jacobian J € R™" for a dynamical system with n dimen-
sional state vector x. J is uniquely defined as the matrix of partial de-
rivatives of the n-dimensional vector-valued function that maps from
x(t) to x(t + 7), where x(t) and x(t +7) represent the system state at time t
and t+ 7, respectively, with 7 > 0 [19,30]. In other words, J is the Ja-
cobian of the flow of a dynamical system. This is the shared and unique
definition for both the continuous-time framework (in other words,
continuous dynamical systems) and the discrete-time framework
(discrete dynamical systems). Although the notation of time in this
definition follows the continuous-time presentation, it can be easily
translated into the discrete-time presentation. The symbol x(t) is used
only for this definition and is translated into x(k) and x(t) for DE and
ODE framework, respectively, in the following sections. Note that the
interaction Jacobian is not equivalent to the Jacobian of the right-hand
side (r.h.s.) of the parametric population dynamics models (the function
F in Eq. (3) and the function f in Eq. (4)).

Following the definition above, the (i, j)-th element of the interaction
Jacobian J(k) in the DE framework at the time step k is reintroduced
with the differential quotients as:

Dok — PR+ 8%.1) — xR, 1)

Ax—0 Ax ’ (62)
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where Axj = (O, 0,---0,Ax,0..., 0) . Note that the formulation in Eq. (6a)
S—— ——
j-1 n-j
exactly follows the definition expressed in Introduction and at the
beginning of this subsection, since ¢(-, 1) represents the map from x(k)
to x(k 4+ 1). In Table 1, except for [26], all the authors interpreted the
interaction Jacobian as the interaction strength S;;(k), i.e., the impact of
species j on species i, at the time step k, and it is explicitly written as:

Sij(k) = Jij(k). (6b)

In simpler terms, Eqs. (6a) and (6b) state that the interaction strength
is the ratio of two quantities: 1) the change of the recipient variable x; at
the time step k + 1 in response to a very small perturbation on the donor
variable x; (Ax;) at the time step k, and 2) the size of perturbation added
(Ax). More formally, and without ambiguity, the interaction strength
can be described as the marginal change in the recipient variable x; at the
time step k + 1 in response to a unit-sized perturbation on the donor
variable x; at the time step k [12]. Egs. (6a) and (6b) are also conven-
tionally expressed by a simple partial derivative notation [19,20]:

_x(k+1)

k) = Jylh) = 5 o

(6¢)

We can also reintroduce the interaction Jacobian and the interaction
strength with the ODE framework by modifying Eq. (6a) as:

. @;(x(kr) + Ax;, ) — @;(x(ke), 7)
Sij(kr) = Jij(kr) = Al)l(rllo ( }Ax) ,
i (00 9) £ 2.7) — (0 k). 1) o
Ax—0 Ax

where ¢(-,7) represents the map from x(t) to x(t + 7).

3.2. Identification of the gap between interaction Jacobian and
interaction strengths

Consider an exceptional scenario highlighting the gap between the
mathematically well-defined interaction Jacobian and its biological
interpretation as interaction strengths. Specifically, assume that no net
dynamical changes are occurring in the recipient variable x; between the
time step k and k + 1 in the DE framework given by Eq. (3") or in the time
interval between t = kr and t = (k + 1)7 in the ODE framework given by
Eq. (5") after any small perturbations Ax;, j = 1,2, ...,n (including Ax; =
0). Dynamically, this assumption represents a temporarily static state
for x; between the focal time steps (during the focal time interval)
without implying the presence of an equilibrium for the entire system.
Biologically, this situation corresponds to the absence of interspecific
interactions involving species i (i.e., no effect of other species on species
i) as well as intraspecific interactions within species i. From a biological
perspective, the interaction strength under such a condition is expected
to be zero. This proposed scenario provides an opportunity to assess
whether the interaction Jacobian accurately reflects this biologically
trivial yet reasonable outcome.

This is realized when the following conditions are satisfied for the DE
and ODE framework, respectively:

Fi(¢(xo,k)+Ax;) =0, Vj=1,2,...,n, (8)
and

/ﬁ(qo(q;(xo,kr)+ij,s))ds:0, ¥=1,2,..n ©)
0

When the conditions in Egs. (8) and (9) are satisfied, we have the
following interaction Jacobian by simple calculations (Appendix 1.1):

Jij(k) = &, (10)
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and

Jij(ke) = 8y, @11

for DE and ODE systems, respectively, where §; is the Kronecker delta.

The identity matrix (I,) as the form of the interaction Jacobian,
independently of the modeling frameworks (Eqgs. (10) and (11)), is
mathematically reasonable since the propagation of any perturbation
(Ax) under no net dynamical changes can be expressed as I, Ax = Ax for
both of the DE and ODE systems.

Problem 1. However, the conclusions in Egs. (10) & (11) are biolog-
ically counterintuitive since biologists would naturally expect that all of
the interaction strengths (the impact of species j (+ i) on species i, and
the impact of species i on species i itself) are zero when there are no net
dynamics occurring (Eqs. (8) and (9)). We denote this gap between
mathematical validity and biological intuition as Problem 1 in this
study.

3.3. Identification of the gap between interaction Jacobian and
parametric Jacobian

Some studies used datasets generated from ODE-based models [19,
271 and used the parametric Jacobian elements at the focal time ¢, i.e.,
the Jacobian coefficients of f in Eq. (4) evaluated at a single time point

t=kr (%hjk,), as a benchmark for evaluating the proposed S-map

methods. Because the interaction Jacobian for ODEs involves the tem-
poral integration of f by definition (Egs. (5") and (7)), it is unclear
whether this simplified parametric Jacobian is valid. However, previous
studies did not address its mathematical justification. We now examine
whether this approach is mathematically reasonable. Here, we start with
Egs. (5") and (7) and consider the approximation that f does not change
with time from t = kz to (k + 1)z. That is:

flo(-0) = fi(e(-,0)), ke <t < (k+1)r. 12

With simple calculation under the assumption in Eq. (12) (Appendix
1.2), we have the interaction Jacobian given by:
o
Jij(kz) zéij—k—rd—xl . 13

Jle=ke

Problem 2. Eq. (13) tells that the commonly used parametric Ja-
cobian for benchmarking, which uses instantaneous Jacobian coefficients
of f evaluated at a single time point t = kr (foJ; l—xs)> is just an approxi-
mation for the interaction Jacobian J;;, and would be valid only when ¢
is small so that the assumption in Eq. (12) is acceptable. One more
remark from Eq. (13) is that the interaction Jacobian is a function of the
time interval 7 even when using the approximation of instantaneous
Jacobian coefficients. We denote this looseness as Problem 2 in this
study. It arises from regarding the instantaneous Jacobian coefficients at
a single time point as mathematically equivalent to the interaction Ja-
cobian and then using them as the benchmark.

4. Solutions for the gaps between interaction Jacobian,
interaction strengths, and parametric Jacobian

4.1. Solution 1: adjusted metric of interaction strengths from interaction
Jacobian

To resolve the inconsistency between biological intuition regarding
the interaction strength and the results from the diagonal elements of
the interaction Jacobian (Eqs. (10) and (11)), we define the adjusted
interaction strength as the subsequent marginal change in the recipient
variable x; at the time step k + 1 in response to a unit-sized perturbation
on the donor variable x; at the time step k. Then, the mathematical

definition of the adjusted interaction strength matrix $°¥ (k) for the DE
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framework can be given by a simple modification of Eq. (6b):

((x(k) + Ax;, 1) — h(x(k), 1)

— 5i
Ax

ijs

535 (k) = Jis(k) — a4
noting that this adjusted definition meets our intuitive definition of zero
interaction strength as S“d’ (k) = 0, when the condition 2 (Egs. (8) and
(A1)) are satisfied.

Similarly, from Eq. (7), the adjusted interaction strength matrix

$%% (kz) for the ODE framework can be defined as:

@i (9(x0, k) + Ax;,7) — @,(@ (%0, k7), T)

Ax

8t (kt) = Jij(ke) — 85 = lim — 5.

14)

—0

Since the definitions in Egs. (14) and (14') are essentially identical, it
does not matter whether the observation Y was governed by a DE or an
ODE system. This ensures that the newly-defined $°¥ retains the non-
parametric feature of S-map methods. Then, the adjusted interaction
strength matrix C*Y(k) inferred from the local linear regression by S-
map on the observation Y is given by (Table 1):
=Co+ Z it k) + 85Ny ).

Ni(k+1) (15)

In other words, C*¥(k) corresponds to the adjusted interaction
strength matrix, either $°¥ (k) or $%¥(kz), while the original S-map co-
efficient matrix C(k) = C*¥ (k) + I, corresponds to the interaction Jaco-
bian J(k) or J(kz) (see also Fig. 5 in Discussion).

4.2. Solution 2: parametric Jacobians and cumulative interaction
strengths

For the DE system, which requires simpler considerations than the
ODE system, we use Egs. (3') and (14) along with Taylar expansion to
obtain the parametric interaction strength as:

$i(x0,k) + [Ax;], + Fi(h(x0,k) + AX;) — pi(x0, k) — Fi(p(%o,

adj T
176 = fim,

Ax

To derive a quantity analogous to Eq. (16) for the ODE framework in
a comparable way, we use the new definition in Eq. (14") and the
assumption in Eq. (12). We can then easily derive the following metric of
a parametric interaction strength, which we define as the instantaneous
interaction strength (IIS) (Shady:

@a7)

Note that when evaluating the accuracy of the S-map (or any
equation-free) methods in inferring the interaction Jacobian or inter-
action strengths through the simulated data from the dynamical sys-
tems, it is important to distinguish the sources of the model (DE or ODE).
The metric in Eq. (16) is mathematically equivalent to the interaction
Jacobian (with the adjustment, J = $ 4+ 1,) for the data generated
from a DE system while the metric in Eq. (17) is just an approximation of
the interaction Jacobian (with the adjustment, J ~ s'd 1 1) for the data
generated from an ODE system (Table 2). It is worth noting that [29,33]
already recognized the importance of distinguishing the source of
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parametric models and the gap between J and $*¥, proposing an alter-

native parametric Jacobian for ODE systems as [exp (S"*Y )Lj. In fact,

this metric can be approximated as Eq. (13) when 7 is small.

To highlight the contrast with the instantaneous interaction strength
defined in Eq. (17), we need to explicitly derive another parametric
interaction strength based on the definition in Eq. (14") without using
the assumption in Eq. (12). We define this metric as the cumulative

interaction strength (CIS) (S¢°Y) with a time interval z:

SC k) = S0 k)~ lim D100 K0) £ A%07) — oo ko), )
y Y Eq.(14)Ax—0 Ax

— 511

18

This can be further generalized through distinguishing the time in-
terval and time scale as shown in Appendix 2. Here, the first term of the
r.h.s. of Eq. (18) represents the alternative parametric Jacobian (8¢ 1
I,) that considers cumulative effects of time-continuous changes
occurring in the interval 7. In order to effectively calculate the numer-
ator of the differential quotient, the differences between the perturbed
orbit and the unperturbed orbit starting at t = kz is defined as:

Y(T) - ¢(¢(x07 kT)‘,

While the value of the difference at time T =7, y(z), in Eq. (19) can
be obtained by numerically solving the original nonlinear ODEs
described in Eq. (4), we propose an alternative method that relies on a
simpler ODE.

When Ax is infinitesimal, the function y(T) in Eq. (19) can be eval-
uated as the solution of the following linearized ODE system (without
error when Ax—0 ), using the Jacobian matrix of the function f in the
ODE system [4] (Appendix 3.1):

= ¢(p(x0,k7) + Ax;, T) T),0<T<rt. 19

dy(T) _ JsT

dT (20)

(T)y(T), 7(0)

Note that this is a linear ODE but the state transition matrix J57 is
time-dependent and should be evaluated at each time T with the un-

(16)

perturbed orbit ¢(¢(xo,k7),
rized at Appendix 3.2. Also note that the state transition matrix J57 in Eq.
(20) is not the interaction Jacobian but a quantity analogous to the
instantaneous interaction strengths without the parameter 7z (i.e.,
BIT) =%

Since such a time-dependent (non-autonomous) ODE (Eq. (20))
cannot be solved analytically in general, we need to solve it numerically.
When we obtain the numerical solution of y(T) at T = T = 7 (denoting as
7(7)) with a very small Ax, either from directly solving Eq. (19) with the
nonlinear ODE in Eq. (4) or solving the linearized ODE in Eq. (20), the
cumulative interaction strengths are given by:

@k
Ax

T). The numerical method is briefly summa-

\T and compare it with Eq. (17)).

55 (k) ~ - 5. 1)

Although Eq. (21) is presented as the approximation (=), it only
includes the numerical errors of y(7) from y(7) and those due to Ax being
not infinitesimal. In contrast, using the instantaneous interaction
strength (Eq. (17)) is intrinsically an approximation through neglecting

the temporal changes of the function f;. Since we are often interested in a
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dynamical system that has chaotic attractors with initial value sensi-
tivity, y(T) may show the exponential growth over time. Consequently, it
is unclear how large 7 can be used when numerically calculating CIS
with Eqn. (21) (see Appendix 4). In the next section, we will demonstrate
that the CIS metric given in Eq. (21) is numerically identical when
evaluated using two different methods: direct evaluation of the
nonlinear ODE and evaluation based on the linearized ODE.

5. Applications to parametric DE and ODE models

Unlike previous research, except for [20] (Table 1), this study does
not include noise in the time series generation process because our goal
is not to evaluate various S-map algorithms in a practical setting. Rather,
in the absence of noise-related uncertainties, we concentrate on the
performance of the proposed two solutions.

5.1. Application to 4 species host-parasitoid DE model

As an example of the DE framework, we used the two host species
with two parasitoid species model modified from [28]. The lifecycle of
the host species H; (i = 1 or 2) follows (1) the density-dependent mor-
tality with a rate a;H;, (2) parasitism by the parasitoid species P; (j = 1 or
2) with a rate ¢;;P;, (3) individuals escaping density-dependent mortality
and parasitism reproduce r; individuals contributing to the next gener-
ation, and (4) density-independent (background) mortality with a rate
my;. The survived individuals also contribute to the next generation. In
the lifecycle of the parasitoid species P;, the parasitism on the hosts first
occurs. Repeated parasitism on a single host individual is considered,
but the single, earliest parasitism succeeds in the maturation and con-
tributes to the next generation (see [28] for the derivation of its math-
ematical function). The final stage of the parasitoid lifecycle is the
density-independent (background) mortality with a rate mpj,
following that the survived individuals also contribute to the next gen-
eration. The parameters my; and mp; characterize the
overlapping-generation, and the model converges to the
non-overlapping generation, multispecies Nicholson-Bailey model [28]

Time evolution of S—-map coefficients
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when my; and mp; >> 1. The equations are given by:

Hik1 = Hix + riexp| — aiHix — c1iP1x — CaiPai| Hik

birth from hosts that escape intraspecific competition and parasitism
— (1 — exp[ —
mortality by intraspecific competition, parasitism, and natural mortality

= Hig + Fyi(Hix, Hox, Prx, Pax, k), (i=1,2) (22)

@iHii — c1iP1x — c2Pax —Mp])  Hix

Pjjei1 = Pix + Zexp( — aHix)Hi (1 — exp[ — c1iP1 — C2iPax])

=12

availability of hosts

CjiPjk

probability of parasitism

— Ik (1 —exp(—mp;))Pi (j=1,2
clipl,k + CZiPZ.k S—.—e-_xpi,(__:l_)-)/ J (] ) (23)
— background mortality
probability with which
parasitim by P;
is earlier than that by Py

= Pjy + Fpj(Hix, Hox, Pri, Pog, k). (j=1,2)

Excluding the transient phase long enough (k = 0 to 1800) with the
initial condition (P;, P,, H;, H,) = (1.0, 0.5, 0.1, 0.2), we used the state
variables from k = 1801 to 2000 (i.e., 200 data points) for the multi-
variate S-map [19] and MDR S-map [28]. Since the multivariate S-map
is the basis of other S-map variants (Table 1), we denote the former as
standard S-map hereafter. When applying these two S-map algorithms,
the raw data was standardized to the data with mean 0 and SD = 1. For

the theoretical benchmark Sffj (k) in Eq. (16), we used the part of the
partial derivative coefficients (one diagonal and one off-diagonal

element) given as:

OF,

L (1 _ alHl.k) (r1 4 e ™1 )e*alHl.k*"llpl.k*C21P2.k’ 24
aHl‘k :
aFH'l — Cll( —r - e MH1 )Hl.ke*ﬂlHl.k*Cu}’l.k*Czlek7 (25)
aPlvk

while we do not need to consider the problem 2 and its solution in the DE
framework. Corresponding to the standardization for the S-map

0.5+

0.0

Unadjusted and Adjusted S—map coefficients

-0.51

1800 1850

type -e-H, toH, -=-H, toH, adjusted -e-H,toH,

1900 1950 2000

time

P,toH, == P,toH,

Fig. 1. Diagonal and off-diagonal elements of interaction strengths inferred from standard S-map method for DE system. Time evolution of the S-map
coefficient from H; to H; that were not adjusted (black line with circle marks), adjusted S-map coefficient from H; to H; (red line with rectangular marks), from H; to
H; (light blue line with circle marks), from P; to H; (orange line with triangular marks), and from P, to H; (brown line with diamond marks). The interaction
strength from H, to H; is theoretically always zero. The parameter values: r; =ry = 2.0, a; = ap = 0.1, ¢11 = €22 = 0.3, €21 = €12 = 0.1, my; = my> = 0.1, and mp; =
mpy = 0.1. In this example, the off-diagonal element of the theoretical interaction strength was normalized by op, /on, = 0.477/0.242.
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methods, we needed to normalize the parametric values of the off-

diagonal element (i, j), by the ratio of standard deviations ¢; /6;. More

.pe OF; .
specifically, 35 was normalized by op, /o, .

The adjustment of S-map coefficients by §; worked well, indicating
that the magnitude of the intraspecific effect of H; on H; is comparable
to interspecific ones (from P; to H; and from P, to Hy)(Fig. 1). If the
diagonal element was not adjusted (black point in Fig. 1), S-map co-
efficients would give the impression that intraspecific effect is always
positive, fluctuating around 1.0, and its absolute magnitude is greater
than interspecific effects, which is against biological intuition. Note that
the adjustment of S-map coefficients by §; in Eq. (15) modifies only the
intra-specific elements but not inter-specific elements. Also, note that

the effect of H, on H; is theoretically zero (SZ’; = 0); indeed, this is

effectively estimated by the S-map coefficient (from H; to Hy).

In this example, with comparing to the parametric interaction
strength $°¥(k) in Eq. (16) as the benchmark, the standard S-map co-
efficients for the diagonal element predicted better than MDR S-map
coefficients (Fig. 2ab). The correlation coefficients with parametric
interaction strength were 0.978 and 0.671 for the standard and MDR S-
map coefficients, respectively. Similarly, for the off-diagonal element,
the gaps between the estimate and the benchmark tended to be greater
with the MDR S-map, especially at a local minimum, than with the
standard S-map (Fig. 2cd). The correlation coefficients with parametric

(a) Time evolution of the effect of H, on H,
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interaction strength were 0.962 and 0.971 for the standard and MDR S-
map coefficients, respectively.

5.2. Application to 5 species coupled food chain ODE model

As an example for the ODE framework, we used the five-species
coupled food chain model [19], which consists of a resource species
(R), two consumer species (C1, C3) sharing R, and two specialist predator
species (P;, P;) feeding on C; and Cs, respectively. The model equations
are given by:

dpi PiCi .

a iCi+CF_ViPiEfP,-7 (i=1,2)

dC; CiR P,C; .

— = Uikj—— — Viie——— — u;,C; = fc., =1,2

& MRy R Ve pg MG =S ) (26)
dR R CR

dt R(l B E) B izzl_zﬂikiﬁ =fr

The default setting for obtaining the discrete-time data is 7 = 5 as the
same as in[19]. We numerically solve the system using the fourth-order
Runge-Kutta method with a fixed interval At = 0.01 from ¢t = 0 to 2000
with the initial condition (P, P,, C;, C3, R) = (0.7, 0.8, 0.5, 0.8, 1.0).
Excluding the transient phase values (t = 0 to 999), we used the state
variables from t = 1000 to t = 1999 (i.e., 200 data points with the

(b) Comparison to parametric IS: H, => H,
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Fig. 2. Comparison of diagonal and off-diagonal elements of interaction strengths for DE system. (a)(c) Time evolution of interaction strengths estimated from
the adjusted standard S-map coefficient (red, rectangle), the adjusted MDR S-map coefficient (light blue, circle), and the parametric interaction strength (orange,
triangle) for the diagonal element (a: from H; to H;) and the off-diagonal element (c: from P; to H;). (b)(d) Distribution of the absolute value of the differences
between S-map coefficients (standard S-map: red, rectangle, MDR S-map: light blue, circle) and parametric interaction strengths for the diagonal element (b: from H;
to Hy) and the off-diagonal element (d: from P; to H;). In this example, the off-diagonal element of the parametric interaction strength was normalized by op, /on, =

0.477/0.242.
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(a) Time evolution of effects of C, on C,
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(b) Comparison to directly-evaluated CIS
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Fig. 3. Comparison of diagonal and off-diagonal elements of interaction strengths for ODE system. (a)(c) Time evolution of interaction strengths estimated
from the adjusted standard S-map coefficient (red, rectangle), the adjusted MDR S-map coefficient (light blue, circle), CIS evaluated by the linearized ODE in Eq. (20)
(orange, triangle), and IIS (brown, diamond) for the diagonal element (a: from C; to C;) and the off-diagonal element (c: from R to C;). (b)(d) Distribution of the
absolute value of the errors of S-map coefficients (standard S-map: red, rectangle, MDR S-map: light blue, circle), CIS evaluated by the linearized ODE (orange,
triangle), and IIS (brown, diamond), compared to CIS directly evaluated by the nonlinear ODE in Eq. (19), for the diagonal element (b: from C; to C;) and the off-
diagonal element (d: from R to C;). Parameter values are: v; = 0.1, v = 0.07, A; = 3.2, 4, = 2.9, C} = C; = 0.5, yy= pty= 0.15, k1= 2.5, ko = 2.0, R*= 0.3, and k = 2.
In this example, the off-diagonal elements of the parametric interaction strength (CIS and IIS) were normalized by or/o¢c, = 0.424 /0.425. The size of perturbation to
approximately calculate the CIS in two ways (Egs. (19) and (20)) was set as Ax = 0.01.

interval 7 = 5) for the standard S-map [19] and MDR S-map [28]. For the
cumulative interaction strength (CIS), we used the list of partial de-
rivatives (Appendix 5) for the element of the state transition matrix J5¥
in Eq. (20). As is described just below Eq. (20), J5T should be evaluated
at each moment of time t with the unperturbed (numerical) solution of
the model in Eq. (26)(see also Appendix 3.2 for the numerical method).

We compared the adjusted S-map coefficients (Standard and MDR S-
map algorithms) defined in Eq. (15), instantaneous interaction strength
(IIS) in Eq. (17), and cumulative interaction strength (CIS) in Eq. (18).
When applying S-map methods, the raw data was standardized to the
data with mean 0 and SD = 1. Corresponding to this standardization, we
needed to normalize the values of the off-diagonal element (i, j), by the
ratio of standard deviations o;/0;, of the parametric interaction strengths
in Egs. (17) and (18). The solution 1 for the S-map coefficients
(adjustment by &;) worked well for the diagonal element; the intraspe-
cific effect of C; on C; can be positive or negative depending on the
system state and time (Fig. 3a).

It is also found that the solution 2 is important; there was a sub-
stantial gap between two parametric Jacobians and consequently two
parametric interaction strengths, IIS and CIS evaluated by Eq.(21). In
particular, IIS overestimated the magnitude of local minimum values

while it underestimated that of local maximum values (Fig. 3a). In fact,
the gaps between IIS and CIS directly evaluated by Eq. (19) were greater
than those between S-map coefficients and CIS (Fig. 3b). The correlation
between IIS and CIS was weak (p = 0.706). Also note that the CIS
evaluated by the linearized ODE in Eq. (20) (and see Appendix 5) and
that by the original nonlinear ODE in Egs. (19) and (26) are numerically
identical (Fig. 3b, orange triangles), with minor absolute differences
ranging from 3.157 x 107° to 1.844 x 1072 (median of 2.301 x 107%).
These results regarding IIS and CIS were qualitatively similar in the case
of the off-diagonal element (Fig. 3cd), with the absolute differences
between two CIS calculations ranging from 5.000 x 107 to 1.091 x 1072
(median 5.095 x 10™).

To compare the IIS in Eq. (17) with CIS in Eq. (18), we extended these
indices by decomposing the parameter 7 into two components: the time
interval between data points (z;) and the time scale for evaluating
interaction strengths (z3) (Appendix 2). Since IIS and CIS are theoreti-
cally derived from an ODE model, 7; and 75 can be arbitrarily chosen.
By keeping 7; constant (z;= 5.0), the IIS numerically converged to the
CIS when the time scale for evaluating interaction strengths (z2) is small
(e.g. 72 = 0.01 and 0.5). However, the deviations emerged under 7, =
1.0 and became substantial when 7, > 2.0 (Fig. 4).
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the ODE with the interval 5.0 (r; = 5.0, see Appendix 2) for all the results. However, we changed the time scale for evaluating interaction strength (72, see Appendix
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Fig. 5. Relationship between interaction Jacobian and interaction
strengths. Using a hypothetical example focusing on two elements only (x; and
X2), we illustrate the relationships between the interaction Jacobian (J;; and
Ja1), interspecific interaction strengths (the effect of sp. 1 on sp. 2), and
intraspecific interaction strengths (the effect of sp. 1 on sp. 1). When adding the
perturbation given by the vector Ax; to the unperturbed orbit at time t = kz, we
can quantify the differences between the unperturbed and perturbed orbits, as
the consequence of this perturbation, at t = k+ 1)z, for both the diagonal
component (x;) and the off-diagonal element (x7). For the diagonal element, (1)
and (2) correspond to the initial change and subsequent change, respectively,
following that the total change (3) equals (1) + (2). For the off-diagonal
element, the initial change is zero and (4) corresponds to the subsequent
change, following that the total change equals (4). By dividing these quantities
by Ax and taking the limit as Ax—0, we can easily find that the quantifies from
(3) and (4) become equal to the interaction Jacobian J; 1, and Ja 1, respectively,
which are also denoted as the total marginal changes. Similarly, the quantities
from (2) and (4) become equal to the adjusted intraspecific interaction strength
S‘llfi{ (k7) and the adjusted interspecific interaction strength ngj{ (kr), respectively,
which are also denoted as the subsequent marginal changes. Although this
graphical example illustrates to a case within the ODE framework, the re-
lationships between the interaction Jacobian and the adjusted interaction
strengths remain consistent within the DE framework.

6. Discussion
6.1. Key findings: identifying problems and proposing solutions

Our mathematical reintroduction of the interaction Jacobian in Eqs.
(6a) and (7) clarified previously ambiguous and inconsistent biological
interpretations of the interaction Jacobian, thereby identifying and
resolving two potential problems in applying S-map methods within
EDM.

The first problem was the discrepancy between mathematical defi-
nition of the interaction Jacobian and its biological interpretation as
interaction strength. For better consistency with biological intuition, we
proposed an adjustment to the interaction strength particularly for the
diagonal elements. Our definition of the adjusted interaction strength
from variable x; to x; is the subsequent marginal change of the recipient
variable x; at the time step k + 1, occurring after a unit-sized pertur-
bation on the donor variable x; at the time step k (see Fig. 5 for graphical
presentation). For the off-diagonal elements (j #1i), no change is
imposed on the recipient variable x; at the time step k; that is, the initial
marginal change is zero. Therefore, the subsequent marginal change is
identical to the total marginal change, because the total marginal change
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equals the initial marginal change (0) plus subsequent marginal change.
As a result, the adjusted interaction strength remains identical to the
value from the original definition. Conversely, for the diagonal elements
(j = 1), because a unit-sized change is imposed on the recipient variable
x; itself at the time step k, the initial marginal change is 1 resulting from
the unit-sized perturbation. Consequently, the subsequent marginal
change must be calculated by subtracting 1 from the total marginal
change. In the absence of subsequent changes after the unit-sized
perturbation at the time step k, the total marginal change equals 1,
and the adjusted interaction strength of x; on itself becomes zero.

The second problem was a mathematical discrepancy between the
interaction Jacobian and the parametric Jacobian, which arises exclu-
sively within the ODE framework. To address this discrepancy, we
proposed a new theoretical benchmark for simulated data generated by
an ODE model. The existing parametric Jacobian from an ODE model
only accounts for the instantaneous values of the Jacobian coefficients of
the function f in the r.h.s. of the ODE at the focal time point. This
overlooks the continuous changes in the state variables over the finite
interval between the focal time point and the next. The cumulative
interaction strength (CIS) with the modified parametric Jacobian
(8¢ = g — I,), serves as a more accurate theoretical benchmark by
explicitly accounting for the cumulative effects of temporally varying
state variables within a given interval. While the instantaneous inter-
action strength (IIS) provides a reasonable approximation of the inter-
action Jacobian (J =~ $"Y + I,) when the time interval is sufficiently
short, CIS is recommended for most intervals considered in recent
studies [12,19] pointed out the potential discrepancy between IIS and
empirically inferred S-map coefficients over large time intervals, which
our study indirectly confirmed through a comparison between CIS
(serving as an appropriate benchmark for S-map coefficients) and IIS.

6.2. Implications for ecological applications: addressing overestimation in
intraspecific effects (Problem 1) with a simple adjustment (Solution 1)

In our revised definition of interaction strength in Eqs. (16) - (18),
the effect of a variable x; on itself is directly linked to the partial de-
rivatives of the population growth rate function, denoted as F for the DE
framework in Eq. (3) and f for the ODE framework in Eq. (4). This fits
well with the biological intuition regarding intraspecific effects.
Therefore, in non-parametric approaches using observed time series,
this adjusted definition should replace the diagonal element of the
interaction Jacobian, such as those inferred from S-map methods.
Without this adjustment, overestimation can occur, as the diagonal
element of the interaction Jacobian and corresponding S-map co-
efficients always include the initial marginal change (= 1), thereby
apparently indicating positive intraspecific effects.

However, two important cautions must be considered. First, when
considering any given perturbation (Ap € R") on system state vector,
the interaction Jacobian J itself acts as the transition matrix for the
temporal propagation of the initial perturbation at the focal time point.
This is expressed as Ap' = JAp + O(|| Ap||*) where Ap’ represents the
perturbed vector in the next time step. Therefore, when focusing on
dynamical stability, in terms of the divergence of the system state
against perturbation on system state variable, with a method such as
dynamic eigenvalue (DEV [24],), it is essential to use the interaction
Jacobian matrix itself rather than the matrix of adjusted interaction
strengths.

Second, the interaction Jacobian is not the only method to effectively
quantify the diverse components of intra- and inter-specific interactions.
Parametric approaches allow measurement of each direct effect of these
components (e.g., intrinsic growth, intraspecific density dependence,
and pairwise interspecific interactions) by estimating constant interac-
tion coefficients and related parameters [15]. However, this method
relies on accurate mathematical formulations for each interaction
component, which are often based on unverified assumptions. Whereas,
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nonparametric approaches enable the inference of aggregated effects of
interactions without requiring predefined mathematical formulations.
The drawback, however, is their inability to separate direct effects from
indirect effects, as they capture only the cumulative effects over a given
time interval.

As demonstrated by [15], it is particularly important to note that
intraspecific effects defined by the interaction Jacobian do not solely
represent the direct effect of intraspecific density-dependence. Rather,
they reflect the aggregated effects of all interaction pathways involving
the focal species, including density-independent growth, which ecolo-
gists typically do not consider as interactions. Therefore, the intraspe-
cific interaction strength inferred from any relevant methods in Table 1
with the adjusted linear coefficient in Eq. (15) should not be mistaken
for the intraspecific density-dependent coefficient used in parametric
population dynamics model, such as generalized Lotka-Volterra models,
nor is it proportional to it (see [15] for a more mathematically explicit
argument). For instance, it would be inappropriate to calculate the ratio
of intra- and interspecific interaction strengths inferred by the adjusted
linear coefficients in Eq. (15) as an index for species coexistence.
Although this ratio serves as a good index in the Lotka-Volterra model
framework, it does not hold the same meaning in the context of
non-parametric S-map methods, especially because many of S-map
methods do not rely on any parametric model equations to describe the
system’s governing dynamics.

6.3. Implications for method development: uncovering hidden
approximations in previous theoretical benchmarks (Problem 2) and
proposing mathematical improvement (Solution 2)

When one develops a new non-parametric method, such as a modi-
fied S-map algorithm, to infer the interaction Jacobian, it is common to
evaluate its performance using the simulated data generated from the
parametric dynamical models (either DEs or ODEs) and comparing the
inference with the parametric Jacobian. When ODEs are used for such
evaluation, the cumulative interaction strength (CIS), which is the
modified parametric Jacobian minus §;, is a more accurate theoretical
benchmark than IIS. Our simple exercise demonstrated that the error
size of IIS was the same as or even larger than that of the inference from
S-map methods when using the CIS values as correct answers (Fig. 3bd).
Once the non-parametric method is theoretically evaluated, it is ex-
pected to be applied to empirical time series with long time intervals.
Consequently, IIS should generally not be used for theoretical evalua-
tions, except in cases where empirical time series data with very short
time intervals are likely available (Fig. 4). Beyond S-map methods, the
interaction Jacobians and interaction strengths can be explored through
other EDM approaches, such as Gaussian process methods [6,34], where
our proposed methods could also be applied for evaluation and
benchmarking.

We also confirmed that direct evaluation using the nonlinear ODE
with the definition in Eq. (19) and the linearized ODE in Eq. (20) are
numerically identical. Although the linearized ODE appears mathe-
matically more formal, its computational cost was larger than that of the
direct evaluation, because solving the non-autonomous linearized ODE
requests a higher time-resolution solution than the nonlinear ODE
(Appendix 3.2). Therefore, we would recommend using the direct
evaluation method for saving computational costs.

6.4. Mathematician’s guide for EDM: explicit presentation of methods

This study explicitly reintroduced mathematics regarding the inter-
action Jacobian and the interaction strength. From a mathematical point
of view, the problem 1 resulted from the mismatches between the
interaction Jacobian, defined as the partial derivatives (Jacobian) of the
flow of dynamical systems, and the Jacobians of the right-hand sides of
parametric dynamical model equations, that is, the functions repre-
senting population growth rate (F and f). To our knowledge, this has
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been explicitly recognized only in two studies [29,33]. Therefore, one
needs to be careful when interested in any properties of F or f, rather
than the properties of the flow itself. The index used in these two studies
[29,33], exp (SI‘adj ), is also related to the problem 2 for ODE systems: the
mismatch between the interaction Jacobian and its oversimplified
approximation that ignores the cumulative effects (Eq. (13)). Mathe-
matically, our new formulation of the parametric Jacobian (8¢9 4+ 1,)
differs from Eq. (13) and exp(S""’dj ) used in previous studies in two as-
pects (Appendix 6). First, the cumulative effects, evaluated using the
linearized but non-autonomous ODE (Eq. (20)), can be approximated by
exp(S"“Y) when the transition matrix J5T(T) in Eq. (20) is treated as
time-invariant over a specified time interval. Second, when the time
interval 7 is sufficiently small, the higher-order terms of 7 in exp (SI*“df )

can be neglected, reducing exp (SI"’dj ) to the simplified approximation
(Eq. (13)).

The multivariate S-map methods, as representatives of non-
parametric approaches for inferring the interaction Jacobian
(Table 1), are just a small part of the core components of EDM. Here, we
present a short list of recent studies that present mathematical details for
mathematicians who are interested in this field [15,31]. Present an
excellent summary of general mathematical issues regarding interaction
strength [31]. Provides the details of mathematics regarding one of the
core methods of EDM, the simplex projection [35]. Proposed the usage
of the trace of Jacobian of ODEs as an index of structural stability at
non-equilibrium while [24] focused on the dominant eigenvalue of
interaction Jacobian as an index of dynamical stability. The relationship
between the two indices stems from the interaction Jacobian and S-map
methods, which can be made clearer by more rigorous mathematical
analysis. Statistically and mathematically defining the causal-effect
relationship between two focal variables remains an ongoing research
topic [13]. Additionally, improving the accuracy of short-term forecasts
remains challenging due to observation noise in time series data, and it
continues to be an active area of research [36]. We would also like to
leave as an open proposition regarding the stability of the numerical
methods for calculating the interaction strength (Appendix 4).

6.5. Future directions and conclusion

There are two directions for future ecological studies where our new
method, particularly the adjusted interaction strength metric, can be
applied. First, recent theoretical models have provided novel insights
into the roles of intraspecific interaction strengths in system stability
[371 and species coexistence [38], a topic traditionally studied but still
holding unexplored potential. Applying the adjusted intraspecific
interaction strength metric to empirical time series data would allow
these predictions to be tested, while carefully accounting for the dif-
ferences between our metric of intraspecific interaction strength and
those used in the theoretical models. Second, recent data-driven studies
using the multivariate S-map methods have inferred interaction
strengths and revealed intriguing ecological patterns, including a novel
metric for explaining biodiversity [39], the effects of temperature on
interaction strengths [40], and the dependence of system predictability
on interaction strengths [41]. Although these studies often neglect
intraspecific interactions, incorporating intraspecific interactions into
such analyses could yield more robust findings and help distinguish the
roles of intra- and interspecific interaction strengths. In summary, our
study mathematically reintroduced the interaction Jacobian to clarify
ambiguities in its biological interpretation within Empirical Dynamic
Modeling. We addressed two key problems: the discrepancy between the
mathematical definition of interaction Jacobian and its biological intu-
ition as interaction strength, and the inconsistency between the inter-
action Jacobian and parametric Jacobian in ordinary differential
equation frameworks. By proposing an adjusted definition for interac-
tion strength and introducing the cumulative interaction strength as a
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more accurate theoretical benchmark, we provided practical solutions
that can help more appropriate application and development of S-map
methods and related non-parametric approaches. These contributions
not only improve methodological approaches in ecological time series
analysis but also offer valuable insights for future research in ecological
networks and system stability analysis.
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When the conditions in Egs. (8) and (9) are satisfied, we will trivially have the followings:

(/)i((/)(xo‘,k)+ijvl) = (/)i(x()ﬂk) + [ij]i = (ﬁi(X(),k) +5UAX,Vj = 1a21---7

and

@i (0(x0,k7) + Axj, 7) = @;(x0, kr) + [AX;], = p;(x0, k) + 85A%,V j=1,2,...,n.

Using Egs. (6a) and (A1) gives:
¢i(x07k) + (Sl]Ax - ¢i(¢(x07 k)' 1)

e = i, v
i B0 K0 + 358 = (0,
Ax—0 Ax
=&,

in the DE framework where §; is the Kronecker delta.

n.

(A1)

(A2)

Notably we obtain the same conclusion with the ODE framework from Egs. (7) and (A2) as:

¢i(x0, kz) + 830x — 1 (X0, k1), 7)

) = g, -
— lim Pi (X(), kT) + 51'ij — @i (x07 kT)
T ax-0 Ax

Appendix 1.2. How to derive the instantaneous interaction strength

Here we start with Egs. (5") and (7):

13


https://https%20//github.com/tksmiki/interaction_Jacobian

T. Miki et al. Physica D: Nonlinear Phenomena 476 (2025) 134613

Jy(ke) = lim [0, Ke) + 8% 7) — (o0, Ke) )]

— lim- |:<pi(x0.k1)+5iij+/fi @(x0,k7) + Ax;, s))ds — ¢;(x0, k) — /ﬁ @(x0,k7),5))ds

Ax—=0AX
(A3)
_Alxéo Ax +Al)l(—>0Ax |:/fl 0 (%o, k) +Ax], /ﬁ oo, ke).5))ds
=+ lim [/f (¢(oxo.kz) + Ax;.5))ds — /ﬁ(w(rp(kaf),S))ds
0

Then, under the assumption in Eq. (12), the second term of the r.h.s. of Eq. (A3) is approximated as:
lzm— (p(@(x0,kz),0)) Jri Ax + O((Ax)z) s T — [fi(p(@(x0,k7),0))s]5 6ﬁ (A4
Ax—0AX ! o 0Xj1_y, o o 0 0x} t=ke

Therefore, from Eqn. (A3) and (A4), we have Eq. (13).

Appendix 2

The cumulative interaction strength defined by Eq. (18) can be naturally extended as the cumulative interaction strength at time = kr;with a time
scale 7o:

S (jr)) = lim? @i (@(x0, kr1) + Ax;, 72) — @, (@(x0,k71),72)

.2 Ax—0 Ax — 1)

The same concept can be applied to the instantaneous interaction strength as:

ac ai
f”di (kty) = Tza—i

a7

t=kz,

When the time interval 7 is chosen and consider the interaction strength from k to k + 6 (¢ > 1) in DE framework, we need to consider the iterations
regarding the map F. A new benchmark for the DE system with arbitrary time step € (i.e., time scale 76):

0-1
7(Ax;,0) H <I+ - )ij.
1= x=gyp(l)

J

Appendix 3.1. How to derive the mathematical formulation in Eq. (20)

Consider the unperturbed orbit and perturbed orbit (at t = kz) as:

Oup(T) = p(¢(x0,kt), T),and Op (ij, T) = ga(q)(xo, kr) + Ax;, T) (A5)
, respectively.

Then, the difference between the two orbits (Eq. (19)) is given by:
7(Ax;, T) = 0p(AX;, T) — Oyp(T). (A6)

The i-th element of the unperturbed orbit is given with T, At > 0:

Ty +At

Oupi(T1 + At) = Oyp;(Th) + / fi(@up(s))ds. (A7)
Ty
The i-th element of the perturbed orbit is given with T;, At > 0:

Ty+At

9p.i(ij, T1 + At) = Hp,,-(ij, T]) + / fl(0p (Ax}, S))ds

T)+At

;HUP‘i(T1)+yi(ij,Tl)+ / fi(Oup(s) +7(Ax;,s))ds

Ty

o,

Ty +At
= HUP.i(Tl) + )/i(AXj, Tl) + / |: i(oyp(S)) + o
)
T

1

}y(Ax,,s) 4 o(zy,(sm(s))} ds

x=0yp(s)
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Ty +At ()f
A:79Upi(T1+At) +7:(Ax;, Th) + / {‘)":

» ():|7(A.X‘jvs)ds+ l/ O(Z}’j(s)yk(s))ds.

1

Then, this can be further rewritten as:

Ty +At Ty +At
Op1(A%X;, Ty + AL) — Oypi(Ty + At) — 7,(AX;, Ty) = / [6)( } 7(Ax;,s)ds + / o( 3 yj(s)yk(s))ds (A8)
7 J 1 x=0yp(s) T
From Eq. (A6), it gives:
Ty +At o Ty +At
7i(Ax;, Ty + At) — 7, (A%, Th) = / {a—x' ]7(Ax,-,S)ds + / O(Zyj(sm(S)>dS (A9
T 1x=0yp (s)
Ty Ty

Dividing both sides of Eq. (A9) by At and taking a limitation At going to zero gives:
dn(ax. )| [
=T, 0x;

ar 7(4%;, Th) +O(Zyj(T1)7k(Tl)>- (A10)

x=0yp(T1)

Appendix 3.2. How to numerically solve the linearized ODE

To numerically solve the linearized ODE given by Eq. (20), we need to prepare the unperturbed orbit of the original nonlinear ODE model,
@(p(x0,kr),T), 0 < T < 7. Note that 4th-order Runge-Kutta method needs to evaluate the derivatives at T + At as well as T and T +At for obtaining
the system state at T + At from that at T, where At is the time interval for numerical integrations. Therefore, we needed to prepare the numerical
solution of the unperturbed orbit with the time interval } Atin 0 < T < 7, which results in greater computational costs than when directly evaluating
the nonlinear ODEs with the time interval At.

Appendix 4. Open proposition for numerical stability

Regarding the numerical method in Eq. (21), one remark here is that the appropriate (maximum) value of Ax depends on 7. As shown in Eq. (18) in
Appendix 2, the parameter 7 can be distinguished into 7; as the data point interval and 7, as the time scale for evaluating interaction strength. Then,
Eqn (21) can be also generalized as:

adj [7,, (727 Ax’)}i
Sic.j.zzj(kfl) ~ T] — Oj- (A11)

When 7, becomes large, Ax should be smaller to have a good approximation of the limitation value. Although the condition in Eq. (A12) would
hopefully be realized, the situation in Eq. (A13) could happen. This is related to the continuity of the solution of ODE in terms of initial conditions.
Since we focus on the system that has chaotic attractors, it is not sure if the condition in Eq.(A12) is always satisfied. Only when Eq. (A12) is satisfied,
the numerical approximation by Eq. (A11) can avoid numerical divergence to infinity, acting as the good approximation of the case Ax—0.

For any large 72(> 0), there always exists enough small Ax > 0, s.t.,

[7n(72, AX)]; = O(AX), (A12)

but the following is not satisfied

[7a(2, Ax)]; = O(1). (A13)

Appendix 5. Partial derivatives for the ODE model

We have the following partial derivatives of the model in Eq. (26):
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Appendix 6. Relationships between different formulations of the parametric Jacobian

For ODE systems, the parametric Jacobian, which incorporates the cumulative effects of system state changes, is calculated using the linearized but
non-autonomous ODE in Eq. (20).

First Approximation

When the transition matrix J5T(T) is approximated as a time-invariant one J5T(0) over the interval 0 < T < 7, the solution of Eq. (20) at T = 7 is
given by:

7(2) ~ exp(3°7(0)7) Ax.
More specifically, with Ax; = (0, 0,--0,Ax,0..., 0) , we have:
N — ——’
j-1 n—j

7:(7) = [GXP(JST(O) )]i.ij1

o o
where and J3 (0) = a—ﬁ} lreo = &, .-

From Eq. (21), the (approximated) parametric Jacobian is then given by:

S5 (k) + 65 ~ [exp(37(0)7)] (A.14)

ij’
noting that this is equivalent to Eq. (13) in [28] and Eq. (2.10) in [29].
Second Approximation:
The right-hand side of Eq. (A.14) can be further simplified using a Taylor expansion with respect to 7, leading to:
[exp(J5T(0)7)] =l + w51 (0) + O(7%).

When higher-order terms (O(z2)) are neglected, this reduces to:

o

s
aX] t=kz

[exp(J5T(0)7 )} BT

which is equivalent to Eq. (13).
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